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Abstract
It is shown that a closed convex bounded subset of a Banach space is weakly compact if and
only if it has the generic ﬁxed point property for continuous afﬁne mappings. The class of
continuous afﬁne mappings can be replaced by the class of afﬁne mappings which are
uniformly Lipschitzian with some constant M41 in the case of c0; the class of afﬁne mappings
which are uniformly Lipschitzian with some constant M4
ﬃﬃﬃ
6
p
in the case of quasi-reﬂexive
James’ space J and the class of nonexpansive afﬁne mappings in the case of L-embedded
spaces.
r 2002 Elsevier Inc. All rights reserved.
1. Introduction
Lin and Sternfeld [10] gave the complete characterization of norm compactness for
convex subsets of a Banach space in terms of a ﬁxed point property. They proved
that if a convex set K is not compact, then there exists a Lipschitzian mapping
f : K-K with inffjjx  f ðxÞjj : xAKg40: It follows that a convex set in a Banach
space has the ﬁxed point property for Lipschitzian mappings if and only if it is
compact. In this paper we study similar problems for weak compactness.
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Let X be a Banach space. We say that a closed convex bounded subset C of X has
the generic ﬁxed point property for a class of mappings, if every mapping from a
convex closed subset of C into itself belonging to this class has a ﬁxed point. We will
show that weak compactness of convex sets can be characterized in terms of the
generic ﬁxed point property for some classes of afﬁne mappings. A continuous afﬁne
self-mapping of a closed convex set is weakly continuous. The well-known
Schauder–Tychonoff theorem (see [4], p. 74]) shows therefore that a continuous
afﬁne self-mapping of a convex weakly compact subset C of a Banach space X has a
ﬁxed point (see also [15]). To complete the characterization, in a closed convex
bounded but not weakly compact set C we construct a closed convex subset K which
admits a continuous afﬁne self-mapping without a ﬁxed point. Thus, in general a
closed convex bounded subset of a Banach space is weakly compact if and only if it
has the generic ﬁxed point property for continuous afﬁne mappings.
Moreover, in some spaces it is possible to replace the class of all continuous afﬁne
mappings by a smaller one. For instance, in [3] convex weakly compact subsets of the
space L1½0; 1
 are characterized as the only ones which have the generic ﬁxed point
property for nonexpansive (i.e. Lipschitzian with constant 1) afﬁne mappings. A
similar result was proved for the preduals of semi-ﬁnite von Neumann algebra
equipped with a faithful normal semi-ﬁnite trace.
In this paper, we prove that a closed convex bounded subset C of c0 is weakly
compact if and only if C has the generic ﬁxed point property for afﬁne mappings
which are uniformly Lipschitzian. In fact, we prove that these mappings can be
chosen with Lipschitz constant arbitrarily close to 1. As far as we know, it is an open
problem if the constant can be chosen equal to 1. Since Maurey [13] proved that
convex weakly compact subsets of c0 have the generic ﬁxed point property for
nonexpansive mappings, a positive answer to the above problem would give the
inverse of Maurey’s result (see [12] for related results).
The main tools for proving our results are basic sequences equivalent to the
summing basis of c0: We will show that such a sequence can be extracted from any
sequence ðxnÞ in c0 which converges weak% in cN to an element xAcN\c0: The
summing basis can also be considered in generalized James’ spaces Jp; 1opoN:
Their deﬁnition extends the notion of quasi-reﬂexive James’ space J; which is J2 in
this notation. We will show that a convex closed bounded subset C of Jp is weakly
compact if and only if there is M431=p21=q; where 1=p þ 1=q ¼ 1; such that C has
the generic ﬁxed point property for uniformly Lipschitzian afﬁne mappings with
constant M: In the last section we will extend the results given in [3] to a larger class
of spaces, the so-called L-embedded Banach spaces.
2. Preliminaries
The notation and terminology used in this paper are standard. They can be found
for instance in [2,11]. For convenience of the reader we recall the basic deﬁnitions.
Let C be a nonempty subset of a Banach space. The convex hull of C will be denoted
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by co C: Let us recall that a self-mapping T of a convex set C is said to be afﬁne if
Tðlx þ ð1 lÞyÞ ¼ lTx þ ð1 lÞTy
whenever x; yAC and lA½0; 1
: A mapping T : C-C is nonexpansive if
jjTx  Tyjjpjjx  yjj
for all x; yAC: We say that T is uniformly Lipschitzian with a constant M if
jjTnx  TnyjjpMjjx  yjj
for every nAN and all x; yAC:
Basic sequences will be our main tool in this paper. Let ðxnÞ be a sequence in a
Banach space X : Its closed linear span will be denoted by ½xn
: Let us recall that ðxnÞ
is a basic sequence if each xA½xn
 has a unique expansion of the form x ¼
PN
n¼1tnxn
for some scalars t1; t2;y : Then the projections Pn deﬁned on ½xn
 by the formula
Pn
XN
i¼1
tixi
 !
¼
Xn
i¼1
tixi
are uniformly bounded and S ¼ supfjjPnjj : nANg is called the basis constant of ðxnÞ
(see [11]). It is clear that
inffjjx  yjj : xA½xi
ni¼1; jjxjjXa; yA½xi
Ni¼nþ1; nANgX
a
S
ð1Þ
for every a40: Additionally, we put Rn ¼ Id½xn
  Pn and
SþðfxngÞ ¼ x ¼
XN
n¼1
tnxn : tnX0 for every nAN;
XN
n¼1
tn ¼ 1
( )
:
In the sequel we will use the following fact.
Fact 2.1. Let ðxnÞ be a bounded sequence in a Banach space X without weak
convergent subsequences. Then
(i) there exist a subsequence ðxnkÞ and a functional fAX% such that ðxnkÞ is a basic
sequence and a ¼ infff ðxnkÞ : kANg40: Consequently, setting g ¼ ð1=aÞf and yk ¼
ða=f ðxnkÞÞxnk ; we have gðykÞ ¼ 1 for every kAN:
(ii) coðykÞ ¼ SþðfykgÞ:
Proof. (i) By Kadec and Pe"czyn´ski [7], ðxnÞ has a basic subsequence ðxnkÞ: Our
assumption guarantees that ðxnkÞ does not weakly converge to zero. Passing to a
subsequence, we can therefore ﬁnd fAX% so that infff ðxnk Þ : kANg40: (ii) is
trivial. &
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Remark 2.1. The reasoning in the proof of (i) works only for real spaces. In the case
of a complex space it is necessary to replace the functional f by its real or imaginary
part.
A sequence ðykÞ of nonzero vectors of X is said to be a block basic sequence of a
basic sequence ðxnÞ if there exist a sequence ðanÞ of scalars and an increasing
sequence of integers 0pp1op2o? such that
yk ¼
Xpkþ1
i¼pkþ1
aixi
for every k: Clearly, ðykÞ is also a basic sequence and the basis constant of ðykÞ does
not exceed that of ðxnÞ:
Let ðxnÞ and ðynÞ be basic sequences. We say that ðxnÞ is equivalent to ðynÞ
provided that a series
PN
n¼1tnxn converges if and only if
PN
n¼1tnyn converges. This is
the case if and only if there exist constants M1; M2Að0;NÞ such that
M1
XN
n¼1
tnxn



p
XN
n¼1
tnyn



pM2
XN
n¼1
tnxn



 ð2Þ
for every sequence ðtnÞ of scalars such that the above series converge. We say that
ðxnÞ is l-equivalent to ðynÞ if M2=M1pl: Clearly, the relation of l-equivalence is
symmetric. We will apply the following result (see [11, Proposition 1.a.9]).
Theorem 2.3. Let ðxnÞ be a basic sequence with the basis constant K in a Banach space
X and let M ¼ inffjjxnjj : nANg40: If ðynÞ is a sequence in X such that
s ¼
XN
n¼1
jjxn  ynjjoM
2K
;
then (2) holds with M1 ¼ 1 2Ks=M and M2 ¼ 1þ 2Ks=M: Consequently, ðynÞ is a
basic sequence ð1þ 2Ks=MÞð1 2Ks=MÞ1-equivalent to ðxnÞ:
3. Characterization of weakly compact convex sets
Let ðenÞ be the standard basis of the space c0: The sequence of vectors sn ¼Pn
k¼1ek ¼ ð1;y; 1; 0; 0?Þ is called the summing basis. It is easy to see that
XN
n¼1
tnsn



 ¼ supnAN
XN
k¼n
tk


for every sequence ðtnÞ of scalars such that the series
PN
n¼1tn converges.
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Let 1opoN: By Jp we denote the space of all sequences x ¼ ðxðnÞÞ of real
numbers such that limn-N xðnÞ ¼ 0 and
jjxjj ¼ sup
Xm1
k¼1
jxðqkÞ  xðqkþ1Þjp
 !1=p
oN;
where the supremum is taken over all ﬁnite sequences q1o?oqm of positive
integers. In case p ¼ 2 this gives us the well-known deﬁnition of James’ space (see
[6]). Let Pn be the projection associated to the standard basis ðenÞ of Jp: Then
Pnx ¼ ðxð1Þ;y; xðnÞ; 0; 0;yÞ
for every xAJp: Using this formula, we extend Pn to the linear space of all sequences.
For each p; the space Jp is not reﬂexive and J
%%
p is the space of all convergent
sequences x such that
jjxjjJ%%p ¼ sup
nAN
jjPnxjjJp
is ﬁnite (see [11], Proposition 1.b.2]). Moreover, Jp does not contain c0 and c1
isomorphically.
As in the case of c0; the vectors sn ¼ ð1;y; 1; 0; 0;yÞ form a basis of Jp: If ðtkÞ is
a sequence of scalars such that the series
PN
k¼1tksk converges in Jp; then
XN
k¼1
tksk



 ¼ sup
Xm1
k¼1
Xqkþ11
i¼qk
ti


p !1=p
;
where the supremum is taken over all ﬁnite sequences q1o?oqm of positive
integers.
Proposition 3.1. (a) Let C be a closed convex bounded set in a Banach space X and
ðenÞ be the natural basis of c1: If C is not weakly compact, then C contains a basic
sequence ðynÞ such that there is an affine homeomorphism f : SþðfyngÞ-SþðfengÞ
with fðynÞ ¼ en for every nAN:
(b) Let C be a closed convex bounded set in Jp and ðsnÞ be the summing basis of Jp: If
C is not weakly compact, then C contains a basic sequence ðynÞ equivalent to ðsnÞ: In
particular, C contains a closed convex subset K ¼ SþðfyngÞ which is bi-Lipschitz
homeomorphic to SþðfsngÞ:
(c) Let C be a closed convex bounded set in c0 and ðsnÞ be the summing basis of c0: If
C is not weakly compact, then C contains a basic sequence ðynÞ equivalent to ðsnÞ: In
particular, C contains a closed convex subset K ¼ SþðfyngÞ which is bi-Lipschitz
homeomorphic to SþðfsngÞ:
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Proof. (a) Translating the set C; we can assume that 0AC: Then Fact 2.1 gives a
basic sequence ðynÞ in C and a functional gAX% with gðynÞ ¼ 1 for every nAN: Let
K ¼ SþðfyngÞ and f : K-SþðfengÞ be the afﬁne mapping such that fðynÞ ¼ en for
every nAN: We will check that f is a homeomorphism.
Take x ¼PNn¼1tnynAK and e40: Fix an index m such thatPNn¼mþ1tnoe=4 and put
d ¼ e=ð8mjjgjjðS þ 1ÞÞ where S is the basis constant of ðynÞ: If u ¼
PN
n¼1bnynAK is
such that jjx  ujjod; then jtn  bnjo2Sjjgjjd for every nAN and hence,
Pm
n¼1jtn 
bnjoe=4: Next,XN
n¼mþ1ðbn  tnÞ
  ¼ jgðRmðu  xÞÞjpjjgjj jjRmjj jju  xjjoe
4
;
and therefore XN
n¼mþ1
bnp
XN
n¼mþ1
ðbn  tnÞ

þ
XN
n¼mþ1
tno
e
2
:
Finally, we have
jjfðuÞ  fðxÞjjc1 ¼
XN
n¼1
jbn  tnjp
Xm
n¼1
jbn  tnj þ
XN
n¼mþ1
bn þ
XN
n¼mþ1
tnoe;
which shows that f is continuous.
Clearly, jjf1ðuÞ  f1ðvÞjjpmaxnANjjynjjjju  vjjc1 for all u; vASþðfengÞ: Thus
f1 is continuous.
(b) Since C is not weakly compact, there exists a sequence ðxnÞ in C such that ðxnÞ
converges weak% in J%%p to some xAJ
%%
p \Jp: Passing to a subsequence, we can
assume that ðxnÞ is a basic sequence (see [7]). Let S be its basis constant.
We put M1 ¼ inffjjxnjj : nANg; M2 ¼ supfjjxnjj : nANg: Since x is a convergent
sequence and xeJp; L ¼ limk-N jxðkÞj40: Given eAð0; 1Þ; we set M ¼ ð1 e=16ÞL
and gk ¼ M1eðSðeþ 16ÞÞ12k2 for kAN: It is easy to see that there exists m0AN
such that if m0pq1o?oqm; then
Xm1
k¼1
jxðqkÞ  xðqkþ1Þjpp Le
16
	 
p
: ð3Þ
Next, we choose two increasing sequences ðmkÞ and ðnkÞ so that m1Xm0;
jjPmkðxnk  xÞjjogk; jjRmkþ1ðxnkÞjjogkþ1;
and jxðjÞj4M for every jXm1:
We put uk ¼ Pmk x; vk ¼ ðPmkþ1  PmkÞðxnk Þ and wk ¼ uk þ vk: Then
jjwk  xnk jjp jjPmkðuk  xnkÞjj þ jjRmkðvk  xnkÞjj
¼ jjPmkðx  xnkÞjj þ jjRmkþ1ðxnkÞjjo2gk
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for every k: Applying Theorem 2.3, we see that ðwkÞ is a basic sequence ð1þ e=8Þ-
equivalent to ðxnkÞ: Let K1 denote the basis constant of ðwkÞ: We choose a sequence
ðpnÞ of nonnegative integers such that Dk42ðM2K12kþ1ðeþ 16Þ=ðMeÞÞq for every k
where Dk ¼ pkþ1  pk and 1=p þ 1=q ¼ 1: Let
zk ¼ 1Dk
Xpkþ1
i¼pkþ1
ui; z
0
k ¼
1
Dk
Xpkþ1
i¼pkþ1
wi:
Then jjz0kjjXjz0kðmpkþ1Þj4M and it is easy to see that
jjz0k  zkjj ¼
1
Dk
Xpkþ1
i¼pkþ1
vi



p2
1
q
Dk
Xpkþ1
i¼pkþ1
jjvijjp
 !1=p
o Me
K1ðeþ 16Þ2kþ1
for every k: Theorem 2.3 shows that ðzkÞ is a basic sequence ð1þ e=8Þ-equivalent to
ðz0kÞ: Consequently, ðzkÞ is ð1þ e=8Þ2-equivalent to a block basic sequence ðynÞ of
ðxnkÞ whose terms belong to cofxnkg:
We will show that ðzkÞ is equivalent to ðskÞ: To this end let us ﬁx a sequence ðtkÞ
such that the series
PN
k¼1tksk converges and put N ¼ jj
PN
k¼1tkskjj; y ¼
PN
k¼1tkzk:
We take a ﬁnite sequence q1o?oqm of positive integers. By A1 we denote the set of
all 1pjom such that there exists kX2 with qjpmpkoqjþ1 and let A2 be the set of the
remaining indices. Given jAA1; we ﬁnd kX1; 0pi1pDk  1; lX2 and 0pi2pDl  1
such that mpkþi1oqjpmpkþi1þ1omplþi2oqjþ1pmplþi2þ1: Then
jyðqjÞ  yðqjþ1Þj
¼ xðqjÞ ltk þ
Xl1
i¼kþ1
ti þ ð1 mÞtl
 !
þ ðxðqjÞ  xðqjþ1ÞÞ mtl þ
XN
i¼lþ1
ti
 !

pjxðqjÞjmax
Xlu
i¼kþn
ti

 : n; u ¼ 0; 1
( )
þ jxðqjÞ  xðqjþ1Þj sup
nAN
XN
i¼n
ti

;
where l ¼ 1 i1=Dk; m ¼ 1 i2=Dl : This gives us the estimate
jyðqjÞ  yðqjþ1ÞjpM2
Xlj
i¼kj
ti

þ jxðqjÞ  xðqjþ1ÞjN ð4Þ
for some kpkjpljpl: Observe that
X
jAA1
Xlj
i¼kj
ti


p
p2Np: ð5Þ
Let us now consider the set A2: We decompose it into disjoint intervals A
k
2 where
A12 ¼ fjAA2 : 1pqjoqjþ1pmp2g and Ak2 ¼ fjAA2 : mpkoqjoqjþ1pmpkþ1g for kX2:
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Assume that Ak2 is not empty. It is easy to see that if jAA
k
2 ; then
jyðqjÞ  yðqjþ1Þjplkj jxðqjÞtkj þ jxðqjÞ  xðqjþ1ÞjN ð6Þ
for some nonnegative lkj such that
P
jAAk
2
lkjp1: Clearly,
XN
k¼1
X
jAAk
2
ðlkj jtkjÞpp
XN
k¼1
jtkjppNp: ð7Þ
Here we regard sums over the empty set as zero. Using (4)–(7), we obtain
Xm1
j¼1
jyðqjÞ  yðqjþ1Þjp
 !1=p
pM2 2Np þ
XN
k¼1
jtkjp
 !1=p
þNjjxjj
pM2ð31=p þ 1ÞN: ð8Þ
We now set rk ¼ mpkþ1 for kAN: If ioj; then
jyðriÞ  yðrjÞj ¼ xðriÞ
Xj1
k¼i
tk
 !
þ ðxðriÞ  xðrjÞÞ
XN
k¼j
tk
 !

X jxðriÞj
Xj1
k¼i
tk

 jxðriÞ  xðrjÞj
XN
k¼j
tk


XM
Xj1
k¼i
tk

 jxðriÞ  xðrjÞjN:
This and (3) show that
jjyjjX
Xm1
k¼1
jyðrqkÞ  yðrqkþ1Þjp
 !1=p
XM
Xm1
k¼1
Xqkþ11
i¼qk
ti


p !1=p
Le
16
N
for every sequence q1o?oqm of positive integers. Hence
jjyjjXN M  Le
16
	 

¼ NL 1 e
8
 
: ð9Þ
This completes the proof of (b).
(c) To prove (c) we can apply an argument similar to that in the proof of (b) (now
L ¼ lim supk-NjxðkÞj40). In this way it is not difﬁcult to construct a basic sequence
ðzkÞ which is M2=M equivalent to the summing basis ðsnÞ of c0 and such that ðzkÞ is
ð1þ e=8Þ2 equivalent to a block basic ðynÞ of ðxnkÞ whose terms belong to
cofxnkg: &
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In the special case when C is the unit ball of a nonreﬂexive space part (a) of
Proposition 3.1 was obtained in [15] (see also [14]). We will generalize another result
from [15].
Let Ca| be a convex subset of a Banach space and T : C-C be an afﬁne
mapping. We put
yðTÞ ¼ inf lim inf
n-N
jjx  Tnyjj : x; yAC
n o
:
From the ﬁrst part of the proof of [15, Theorem 3] we see that inffjjx 
Txjj : xACg ¼ 0: In spite of this fact, if C is not weakly compact, it is possible to
construct a set KCC and a continuous afﬁne mapping T : K-K such that yðTÞ40:
In particular, T fails to have ﬁxed points.
Let ðxnÞ be a bounded basic sequence. The right shift T0 with respect to ðxnÞ is the
mapping deﬁned by the formula
T0
XN
n¼1
tnxn
 !
¼
XN
n¼1
tnxnþ1:
By the bilateral shift T1 with respect to ðxnÞ we in turn mean the mapping
T1
XN
n¼1
tnxn
 !
¼ t2x1 þ
XN
k¼1
t2k1x2kþ1 þ
XN
k¼2
t2kx2k2:
Clearly, T0 and T1 are afﬁne self-mappings of S
þðfxngÞ and T1 is onto.
Theorem 3.2. (a) Let C be a closed convex bounded set in a Banach space X : If C is
not weakly compact, then there are a closed convex subset KCC and an affine
continuous mapping T : K-K such that TðKÞ ¼ K and yðTÞ40:
(b) Let CCJp be a closed convex bounded set. If C is not weakly compact, then there
are a closed convex subset KCC and an affine uniformly Lipschitzian mapping
T : K-K such that yðTÞ40:
(c) Let CCc0 be a closed convex bounded set. If C is not weakly compact, then there
are a closed convex subset KCC and an affine uniformly Lipschitzian mapping
T : K-K such that yðTÞ40:
Proof. (a) Let ðenÞ be the standard basis of c1 and T1 : SþðfengÞ-SþðfengÞ be the
bilateral shift. Fact 2.1 gives us a sequence ðynÞ in C and a functional gAX%: Let S
be the basis constant of ðynÞ and K ¼ SþðfyngÞ: The proof of Proposition 3.1(a)
shows that the afﬁne mapping f : K-SþðfengÞ such that fðynÞ ¼ en is a
homeomorphism. Deﬁne T : K-K by the formula T ¼ f1T1f: Let x ¼
PN
n¼1tnyn
and y ¼PNn¼1bnyn belong to K: We ﬁx e40 and ﬁnd m such that jjRmxjjoe: It is not
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difﬁcult to see that jjPmTnyjjoe for n large enough. By (1) we obtain
jjx  TnyjjX jjPmx  RmTnyjj  jjRmxjj  jjPmTnyjjXjjPmxjj
S
 2e
X
1
S
ðjjxjj  eÞ  2eX1
S
ðjjgjj1  eÞ  2e:
Thus yðTÞX1=ðSjjgjjÞ:
(b) Let ðynÞ in C be a sequence given in Proposition 3.1(b). Then there is
a bi-Lipschitz homeomorphism f between K ¼ SþðfyngÞ and SþðfsngÞ: We
can therefore deﬁne T : K-K by T ¼ f1T0f where T0 is the right shift
with respect to ðsnÞ: Since T0 is nonexpansive, the mapping T is uniformly
Lipschitzian.
Let x ¼PNn¼1tnyn; y ¼PNn¼1bnyn belong to K : Since ðynÞ is equivalent to the
summing basis ðsnÞ of Jp; there is a positive constant M such that
jjxjjXMjjPNn¼1tnsnjjXM: Let eAð0; MÞ: An argument as above yields to
jjx  TnyjjXM  e
S
 2e:
Thus yðTÞXM=S: The proof of (c) is analogous to (b). &
Remark 3.3. Parts (b) and (c) of Theorem 3.2 may be strengthened. Namely, for any
e40 in case (b) we can choose T so that it is uniformly Lipschitzian with the
constant 21=q31=p þ e; where 1=q þ 1=p ¼ 1; and in case (c) we can choose T so that it
is uniformly Lipschitzian with the constant 1þ e:
Indeed, let ðynÞ be a sequence in Jp given in Proposition 3.1(b). We can ﬁnd nAN
such that if nXn; then
XN
k¼1
tkynþk



p21=q31=pð1þ eÞ
XN
k¼1
tkynþk




for every sequence ðtkÞ of scalars such that the series
PN
k¼1tksk converges. For
this purpose, in the proof of Proposition 3.1(b) we choose nAN so that jxðjÞjo
Lð1þ e=16Þ for every j4mpn : Let ðtkÞ be a sequence of scalars such that the seriesPN
k¼1tksk converges. Given nXn; we write z ¼
PN
k¼1tkznþk and z
0 ¼PNk¼1tkznþk:
We put
N1 ¼ sup
Xs1
k¼1
Xjkþ11
i¼jk
ti


p !1=p
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and
N2 ¼ sup
Xs1
k¼1
jzðjkÞ  zðjkþ1Þjp
 !1=p
;
where both the suprema are taken over all ﬁnite sequences mpnoj1o?ojs: The
same reasoning as in the case of (9) shows that
N1L 1 e
8
 
pN2:
Let us consider a sequence q1o?oqm of positive integers. If ql ¼ mpn þ 1 for
some 1olom; then zðqkÞ ¼ z0ðqkÞ for every kpl and modifying the proof of (8), we
obtain
Xm1
k¼lþ1
jz0ðqkÞ  z0ðqkþ1Þjp
 !1=p
p31=p 1þ e
8
 
N1L:
Hence
Xm1
k¼1
jz0ðqkÞ  z0ðqkþ1Þjpp
Xl1
k¼1
jzðqkÞ  zðqkþ1Þjp þ 3 1þ e
8
 
N1L
 p
p
Xl1
k¼1
jzðqkÞ  zðqkþ1Þjp þ 3
1þ e
8
1 e
8
	 
p
N
p
2
p 3 1þ
e
8
1 e
8
	 
p Xl1
k¼1
jzðqkÞ  zðqkþ1Þjp þ Np2
 !
p 3 1þ
e
8
1 e
8
	 
p
jjzjjp:
In the case when there exists 1olom such that qlompn þ 1oqlþ1 we replace the
sequence q1;y; qm by q01;y; q
0
mþ1 where q
0
i ¼ qi if 1pipl; q0lþ1 ¼ mpn þ 1 and q0i ¼
qi1 if l þ 2pipm þ 1: Clearly,
Xm1
k¼1
jz0ðqkÞ  z0ðqkþ1Þjp
 !1=p
p 2
1
q
Xm
k¼1
jz0ðq0kÞ  z0ðq0kþ1Þjp
 !1=p
p 2
1
q3
1
p
1þ e
8
1 e
8
jjzjj:
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It follows that jjz0jjp21=q31=pð1þ e=8Þð1 e=8Þ1jjzjj: But ðynÞ is ð1þ e=8Þ2-
equivalent to ðznÞ: This implies thatXN
k¼1
tkynþk



p 2
1
q3
1
p 1þ e
8
 3
1 e
8
 1 XN
k¼1
tkynþk




p 2
1
q3
1
pð1þ eÞ
XN
k¼1
tkynþk



:
Let now K ¼ SþðfynþngnÞ and T : K-K be the right shift. The above inequality
shows that the Lipschitz constant of Tnn does not exceed 21=q31=p þ e:
In the case of c0 we can, analogously, ﬁnd nAN such that if nXn; then
XN
k¼1
tkynþk



pð1þ eÞ
XN
k¼1
tkynþk




for every sequence ðtkÞ of scalars such that the series
PN
k¼1tk converges. Thus the
right shift T on K ¼ SþðfynþngnÞ is uniformly Lipschitzian with the constant 1þ e:
Let G be an inﬁnite set. Every sequence ðxnÞ in c0ðGÞ is contained in a subspace Y
of c0ðGÞ such that Y is isometrically isomorphic to c0: It follows that Proposition
3.1(c), and Theorem 3.2(c) hold also for the space c0ðGÞ:
From Theorem 3.2 and Remark 3.3 we deduce the following characterization of
convex bounded weakly compact sets.
Corollary 3.4. (a) Let Ca| be a closed convex bounded subset of a Banach space X :
The set C is weakly compact if and only if C has the generic fixed point property for
continuous affine mappings.
(b) Let Ca| be a convex closed bounded subset of Jp: The set C is weakly compact if
and only if there exists M421=q31=p such that C has the generic fixed point property for
affine mappings which are uniformly Lipschitzian with the constant M:
(c) Let G be an infinite set and Ca| be a convex closed bounded subset of c0ðGÞ: The
set C is weakly compact if and only if there exists M41 such that C has the generic
fixed point property for affine mappings which are uniformly Lipschitzian with the
constant M:
4. Characterization of weakly compact convex subsets of L-embedded Banach spaces
Let Y be a Banach space and P be a projection in Y : P is called an L-projection if
jjxjj ¼ jjPxjj þ jjðId  PÞxjj for all xAY : A closed subspace XCY is called an L-
summand in Y if X is the range of an L-projection on Y : A Banach space X is said to
be L-embedded if X is an L-summand in X%%: Then there exists a closed subspace
XsCX%% such that X%% ¼ X"1Xs: Examples of L-embedded Banach spaces are
the L1ðmÞ-spaces, preduals of von Neumann algebras, the dual of the disk algebra A
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and the quotient space L1=H
1
0 : Another class of L-embedded Banach spaces are the
duals of M-embedded Banach spaces. A Banach space E is called an M-embedded
space (also called an M-ideal in its bidual) if its annihilator E> ¼ fwAE%%% :
wðeÞ ¼ 0 for all eAEg is an L-summand in E%%%: In this case, the L-projection is
just the adjoint of the canonical embedding of E in E%%: It is clear that X ¼ E% is
an L-embedded Banach space and X%% ¼ X"1E>: Particular cases of duals of M-
embedded Banach spaces are c1ðGÞ; the Hardy space H1; the space C1ðHÞ (dual of
the space of compact operators on a Hilbert space), the duals of certain Orlicz
spaces, some Lorentz spaces, etc. A wide study and more examples of these classes of
Banach spaces can be found in the monograph [5].
In order to establish the main theorem in this section we recall the following result
which can be found in [3, Theorem 1].
Theorem 4.1. Let X be a Banach space and let C be a closed convex bounded subset of
X : Let ðenÞ be a null sequence in ð0; 1Þ: If C contains a sequence ðxnÞ such that
XN
n¼1
ð1 enÞjtnjp
XN
n¼1
tnxn



p
XN
n¼1
ð1þ enÞjtnj
for all ðtnÞAc1; then C contains a nonempty closed convex subset K such that there is a
nonexpansive affine mapping T : K-K which fails to have a fixed point in K :
Theorem 4.2. Let X be an L-embedded Banach space and Ca| be a closed convex
bounded subset of X : Then the following conditions are equivalent:
(1) C is weakly compact.
(2) C has the generic fixed point property for nonexpansive affine mappings.
Proof. In view of Theorem 3.2 we only need to prove that (2) implies (1). Assume
that C is not weakly compact. Then there exists a net ðuaÞCC such that ðuaÞ
converges weak% in X%% to some wAX%% \X : Thus w ¼ x0 þ xs with x0AX ;
xsAXs and xsa0: From the proof of Lemma 8 in [16] there exist a null sequence ðenÞ
in ð0; 1Þ and a sequence ðynÞ in cofuagCC such that
XN
n¼1
ð1 enÞjtnjp
XN
n¼1
tn
yn  x0
jjxsjj
	 



p
XN
n¼1
ð1þ enÞjtnj
for all ðtnÞAc1:
We put zn ¼ ðyn  x0Þ= jjxsjj for nAN: This gives us a sequence ðznÞ in the closed
convex and bounded set C0 ¼ ðC  x0Þ=jjxsjj: By Theorem 3.1, there exist a convex
closed subset K0 of C0 and a nonexpansive afﬁne mapping T0 : K0-K0 which is ﬁxed
point free. Consider now K ¼ x0 þ jjxsjjK0 which is a closed convex subset of C and
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deﬁne T : K-K by
Tðx0 þ jjxsjjxÞ ¼ x0 þ jjxsjjT0ðxÞ
for all xAK0: Then T is ﬁxed point free nonexpansive afﬁne mapping from a closed
convex subset of C into itself, which contradicts (2). &
Remark 4.3. Analysis of the proof of Theorem 4.1 shows that the mapping T given
in its conclusion satisﬁes the condition yðTÞ40: Consequently, the mapping
constructed in the proof of Theorem 4.2 also has this property.
Note that the word affine cannot be dropped from the statement of the above
theorem. This is due to Alspach’s example [1], which shows that there is a convex
weakly compact subset C of L1½0; 1
 and a nonexpansive mapping T : C-C without
ﬁxed points.
In the case when an L-embedded Banach space X has the w-FPP, i.e. every
nonexpansive mapping from a convex weakly compact subset of X into itself has a
ﬁxed point, we can drop the word affine. This gives us the following modiﬁcation of
Theorem 4.2.
Corollary 4.4. Let X be an L-embedded Banach space with the w-FPP and let Ca| be
a closed convex bounded subset of X : Then the following conditions are equivalent:
(1) C is weakly compact.
(2) C has the generic fixed point property for nonexpansive mappings.
Corollary 4.4 may be applied for instance to the sequence space c1; the space of the
trace operators C1ðHÞ (see [9]), the Hardy space H1 (see [13]) and space of the
nuclear operators C1ðcq; cpÞ; dual of the compact operators Kðcp; cqÞ with 1=p þ
1=q ¼ 1 (see [8]).
Since the uniform Lipschitz condition is preserved under renorming, the following
result is a direct consequence of Corollary 3.4 and Theorem 4.2.
Corollary 4.5. Let X denote a renorming of c0ðGÞ or Jp or an L-embedded Banach
space and Ca| be a closed convex bounded subset of X : The following conditions are
equivalent:
(1) C is weakly compact.
(2) C has the generic fixed point property for uniformly Lipschitzian affine mappings.
Remark 4.6. The bilateral shift with respect to the standard basis of c1 is an
isometry. It follows that if X is a renorming of an L-embedded space and C is a
closed convex bounded but not weakly compact subset of X ; then there exist a closed
convex subset K of C and a uniformly Lipschitzian mapping T from K onto K
without a ﬁxed point. A similar result holds for renormings of c0 and Jp: This time,
ARTICLE IN PRESS
T.D. Benavides et al. / Journal of Functional Analysis 209 (2004) 1–1514
however, we obtain a mapping which is only Lipschitzian. Indeed, the bilateral shift
with respect to the summing basis is Lipschitzian in c0 and Jp:
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